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We establish a unified view to the polygamy of multi-party quantum entanglement in arbitrary
dimensions. Using quantum Tsallis-q entropy, we provide a one-parameter class of polygamy in-
equalities of multi-party quantum entanglement. This class of polygamy inequalities reduces to the
known polygamy inequalities based on tangle and entanglement of assistance for a selective choice of
the parameter q. We further provide one-parameter generalizations of various quantum correlations
based on Tsallis-q entropy. By investigating the properties of the generalized quantum correlations,
we provide a sufficient condition, on which the Tsallis-q polygamy inequalities hold in multi-party
quantum systems of arbitrary dimensions.
PACS numbers: 03.67.Mn, 03.65.Ud
I. INTRODUCTION
Quantum entanglement is a quintessential manifesta-
tion of quantum mechanics revealing the fundamental in-
sights into the nature of quantum correlations. One dis-
tinct property of quantum entanglement from other clas-
sical correlations is its limited shareability in multi-party
quantum systems, known as the monogamy of entangle-
ment(MoE) [1, 2].
MoE was characterized in a quantitative way as an in-
equality; for a given three-party quantum state ρABC
with reduced density matrices ρAB = trCρABC and
ρAC = trBρABC , and a bipartite entanglement measure
E, monogamy inequality leads
E
(
ρA|BC
) ≥ E (ρA|B)+ E (ρA|C) (1)
where E
(
ρA|BC
)
is the bipartite entanglement between
subsystems A and BC. Monogamy inequality shows the
mutually exclusive relation of the bipartite entanglement
between A and each of B and C(measured by E
(
ρA|B
)
and E
(
ρA|C
)
, respectively), so that their summation
cannot exceeds the total entanglement between A and
BC(measured by E
(
ρA|BC
)
).
Monogamy inequality was first proven for three-qubit
systems using tangle as the bipartite entanglement mea-
sure [3], and generalized into multi-qubit systems in
terms of various entanglement measures [4–7]. For a gen-
eral monogamy inequality of multi-party quantum en-
tanglement in arbitrary dimension, it was shown that
squashed entanglement [8] is a faithful entanglement
measure [9], which also shows a general monogamy in-
equality [10].
Whereas MoE is about the limited shareability of bi-
partite entanglement in multi-party quantum systems,
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the assisted entanglement, which is a dual amount to bi-
partite entanglement measures, is known to have a du-
ally monogamous (thus polygamous) property in multi-
party quantum systems. Moreover, this dually monoga-
mous property of multi-party quantum entanglement was
also characterized as a dual monogamy inequality(thus
polygamy inequality) [11],
τa
(
ρA|BC
) ≤ τa (ρA|B)+ τa (ρA|C) , (2)
for a three-qubit state ρABC , where τa
(
ρA|BC
)
is the
tangle of assistance of ρABC with respect to the biparti-
tion between A and BC. Later, Inequality (2) was gen-
eralized into multi-qubit systems as well as some class
of higher-dimensional quantum systems [6, 12]. A gen-
eral polygamy inequality of multi-party quantum entan-
glement in arbitrary dimensional quantum systems was
established using entanglement of assistance [13, 14].
As a one-parameter generalization of von Neumann en-
tropy, Tsallis-q entropy [15, 16] is used in many areas
of quantum information theory; Tsallis entropy provides
some conditions for separability of quantum states [17–
19], and it is used characterize classical statistical cor-
relations inherented in quantum states [20]. There are
also discussions about using the non-extensive statistical
mechanics to describe quantum entanglement in terms of
Tsallis entropy [21].
Tsallis entropy also plays an important role in quan-
tum entanglement theory. For all parameters q > 0,
Tsallis-q entropy is a concave function on the set of den-
sity matrices, which assures the property of entanglement
monotone [22]. In other words, Tsallis entropy can be
used to construct a faithful entanglement measure that
does not increase under local quantum operations and
classical communication(LOCC).
Here, we establish a unified view to polygamy inequal-
ities of multi-party quantum entanglement in terms of
Tsallis-q entropy. Using a class of bipartite entangle-
ment measures, Tsallis-q entanglement as well as its dual
quantities Tsallis-q entanglement of assistance, we pro-
2vide a one-parameter class of polygamy inequalities in
multi-party quantum systems of arbitrary dimensions.
This class of polygamy inequalities is reduced to the
known polygamy inequalities based on tangle and entan-
glement of assistance for a selective choice of the param-
eter q. Thus our class of polygamy inequalities provides
an interpolation among various polygamy inequalities of
multi-party quantum entanglement.
We further provide one-parameter generalizations of
various quantum correlations based on Tsallis-q entropy.
By investigating the properties of the generalized quan-
tum correlations, we provide a sufficient condition, on
which the Tsallis-q polygamy inequality holds in multi-
party quantum systems of arbitrary dimensions. More-
over, we show that the sufficient condition we provide
here is guaranteed for the polygamy inequality based on
entanglement of assistance. Thus our results also encap-
sulate the known results of general polygamy inequality
in a unified view in terms of Tsallis-q entropy.
This paper is organized as follows. In Sec. II, we re-
call the definition of Tsallis-q entropy, and provide some
generalize entropic properties in terms of Tsallis-q en-
tropy. In Sec. III A, we recall the definitions of Tsallis-
q entanglement as well as its dual quantity, Tsallis-q
enatnglement of assistance(TEoA), and we briefly re-
view the monogamy and polygamy inequalities in multi-
party quantum systems based on generalized entropies
in Sec. III B. In Sec. III C, we provide a unified view of
general polygamy inequality of multi-party quantum en-
tanglement using TEoA. In Sec. IV, we generalize various
quantum correlations such as Holevo quantity, one-way
unlocalizable entanglement and quantum mutual infor-
mation into one-parameter classes with respect to the
parameter q. In Sec. V, we consider a classical-classical-
quantum state in four-party quantum systems, and inves-
tigate its properties related with the generalized quan-
tum correlations in the previous section. In Sec. VI, we
show some sufficient condition for the general polygamy
inequality of multi-party quantum entanglement in arbi-
trary dimensions using Tsallis-q entropy, and we summa-
rize our results in Sec. VII.
II. TSALLIS-q ENTROPY
Based on the generalized logarithmic function with re-
spect to the parameter q with q > 0, q 6= 1,
lnq x =
x1−q − 1
1− q , (3)
Tsallis-q entropy (or Tsallis entropy of order q) for a
probability distribution P = {pi} is defined as
Hq (P) = −
∑
i
pqi lnq pi =
1
1− q
[∑
i
pqi − 1
]
, (4)
which takes the q-expectation of the generalized logarith-
mic function with respect to the probability distribu-
tion [15]. As the singularity at q = 1 in Eq. (3) is remov-
able by its limit value, which is the natural logarithm
lnx, Tsallis-q entropy in Eq. (4) converges to Shannon
entropy when q tends to 1,
lim
q→1
Hq (P) = −
∑
i
pi ln pi = H (P) . (5)
By replacing the probability distribution P with a den-
sity matrix ρ, quantum Tsallis-q entropy is defined as
Sq (ρ) = −trρq lnq ρ = 1− tr (ρ
q)
q − 1 (6)
for q > 0, q 6= 1 [16]. Similarly, quantum Tsallis-q en-
tropy converges to von Neumann entropy when q tends
to 1,
lim
q→1
Sq (ρ) = −trρ ln ρ = S (ρ) . (7)
For these reasons, we simply denote S1 (ρ) = S (ρ), and
thus Tsallis-q entropy is a one-parameter generalization
of von Neumann entropy with respect to the parameter
q.
It is noteworthy that Tsallis-q entropy is a nonexten-
sive generalization of von Neumann entropy. Whereas
von Neumann entropy has the extensivity (or additivity)
property, that is, the joint entropy of a pair of indepen-
dent systems ρ⊗ σ is equal to the sum of the individual
entropies
S (ρ⊗ σ) = S (ρ) + S (σ) , (8)
this extensivity no longer holds for Tsallis-q entropy, un-
less q = 1. Instead, Tsallis-q entropy has so-called pseu-
doadditivity relation as
Sq (ρ⊗ σ) = Sq (ρ) + Sq (σ) + (1− q)Sq (ρ)Sq (σ) (9)
for q ≥ 0.
The following lemma shows that the idea of q-
expectation naturally generalizes some entropic property
in terms of Tsallis-q entropy.
Lemma 1. (Joint entropy theorem) For a probability dis-
tribution P = {pi}, a set of density operators {ρiA} of a
system A and a set of orthogonal states {|i〉B} of another
system B, we have
Sq
(∑
i
piρ
i
A ⊗ |i〉B〈i|
)
=
∑
i
pqiSq
(
ρiA
)
+Hq (P) ,
(10)
for q ≥ 0 and q 6= 1.
Proof. From the definition of quantum Tsallis-q entropy
3in Eq. (6),
Sq
(∑
i
piρ
i
A ⊗ |i〉B〈i|
)
=
1− tr (∑i piρiA ⊗ |i〉B〈i|)q
q − 1
=
1− tr∑i pqi (ρiA)q
q − 1
=
1−∑i pqi
q − 1 +
∑
i
pqi
1− tr (ρiA)q
q − 1
=Hq (P) +
∑
i
pqiSq
(
ρiA
)
,
(11)
In fact, we can analogously show that Eq. (10) also
holds in more general cases; for a probability distribu-
tion P = {pi} and a set of density operators {ρi} with
mutually orthogonal supports, we have
Sq
(∑
i
piρ
i
)
=
∑
i
pqiSq
(
ρi
)
+Hq (P) , (12)
for q ≥ 0 and q 6= 1.
Due to the continuity of Tsallis-q entropy with respect
to the parameter q, Eq. (10) is reduced to the joint en-
tropy theorem in terms of Shannon and von Neumann
entropy,
S
(∑
i
piρ
i
A ⊗ |i〉B〈i|
)
=
∑
i
piS
(
ρiA
)
+H (P) , (13)
for the case when q tends to 1.
III. TSALLIS ENTANGLEMENT AND
POLYGAMY OF MULTI-PARTY QUANTUM
ENTANGLEMENT
A. Tsallis-q entanglement
For a bipartite pure state |ψ〉AB with its reduced den-
sity matrix ρA = trB |ψ〉AB〈ψ| onto subsystem A, its
Tsallis-q entanglement is defined as [6]
Tq
(
|ψ〉A|B
)
= Sq(ρA). (14)
For a bipartite mixed state ρAB, its Tsallis-q entangle-
ment is defined via convex-roof extension,
Tq
(
ρA|B
)
= min
∑
i
piTq(|ψi〉A|B), (15)
where the minimization is taken over all possible pure
state decompositions of ρAB,
ρAB =
∑
i
pi|ψi〉AB〈ψi|. (16)
Because Tsallis-q entropy converges to von Neumann
entropy when q tends to 1, we have
lim
q→1
Tq
(
ρA|B
)
= Ef
(
ρA|B
)
, (17)
where Ef(ρAB) is the entanglement of forma-
tion(EoF) [23] of ρAB, defined as
Ef
(
ρA|B
)
= min
∑
i
piS(ρ
i
A)
= min
∑
i
piS(ρ
i
B)
= Ef
(
ρB|A
)
= Ef (ρAB) . (18)
with the minimum taken over all possible pure state de-
compositions of ρAB in Eq. (16), ρ
i
A = trB|ψi〉AB〈ψi| and
ρiB = trA|ψi〉AB〈ψi|. Moreover, due to the coincidence
Sq
(
ρiA
)
= Sq
(
ρiB
)
(19)
for each |ψi〉AB in Eq. (16), we have
Tq
(
ρA|B
)
= min
∑
i
piSq(ρ
i
A)
= min
∑
i
piSq(ρ
i
B)
= Tq
(
ρB|A
)
. (20)
As a dual quantity to Tsallis-q entanglement, Tsallis-q
entanglement of Assistance(TEoA) is defined as [6]
T aq
(
ρA|B
)
= max
∑
i
piTq(|ψi〉A|B), (21)
where the maximum is taken over all possible pure state
decompositions of ρAB. Similarly, we have
lim
q→1
T aq
(
ρA|B
)
= Ea
(
ρA|B
)
, (22)
where Ea(ρA|B) is the entanglement of assistance(EoA)
of ρAB defined as [24]
Ea(ρA|B) = max
∑
i
piS(ρ
i
A). (23)
with the maximization over all possible pure state de-
compositions of ρAB.
B. Monogamy and polygamy inequalities of
multi-party quantum entanglement based on
generalized quantum entropies
Using Tsallis-q entanglement in Eq. (15) to quantify
bipartite quantum entanglement, the monogamy inequal-
ity in Eq. (1) was established in multi-qubit systems; for
any n-qubit state ρA1A2···An and its two-qubit reduced
density matrices ρA1Ai with i = 2, · · · , n, we have
Tq
(
ρA1|A2···An
) ≥ Tq (ρA1|A2)+ · · ·+ Tq (ρA1|An) , (24)
4for 2 ≤ q ≤ 3 [6]. It was also shown that TEoA can be
used to characterize the polygamy of multi-qubit entan-
glement as
T aq
(
ρA1|A2···An
) ≤ T aq (ρA1|A2)+ · · ·+ T aq (ρA1|An) ,
(25)
for 1 ≤ q ≤ 2 and 3 ≤ q ≤ 4 [6]. Recently, more general-
ized monogamy and polygamy inequalities of multi-qubit
entanglement was proposed in terms of Tsallis-q entan-
glement and TEoA for selective choices of q [25].
Besides Tsallis-q entropy, Re´nyi-α entropy is another
one-parameter family of entropy functions, which con-
tains von Neumann entropy as a special case; for a pos-
itive real number α and a quantum state ρ, the Re´nyi-α
entropy of ρ is defined as
Rα(ρ) =
1
1− α log trρ
α (26)
for α 6= 1 [26, 27]. Similar to the case of Tsallis-q entropy,
Re´nyi-α entropy has a singularity at α = 1. However this
singularity is removable in the sense that Re´nyi-α entropy
converges to von Neumann entropy when α tends to 1.
As a generalization of EoF into the full spectrum of
Re´nyi-α entropy, Re´nyi-α entanglement was introduced
as
Eα
(
|ψ〉A|B
)
= Rα(ρA), (27)
for a bipartite pure state |ψ〉AB and
Eα
(
ρA|B
)
= min
∑
i
piEα
(
|ψi〉A|B
)
, (28)
for a bipartite mixed state ρAB with the minimum
over all possible pure-state decompositions of ρA|B =∑
i pi|ψi〉AB〈ψi| [5, 28].
Based on Re´nyi-α entanglement of order 2(Re´nyi-2 en-
tanglement), a monogamy inequality was established for
multi-qubit entanglement as
E2
(
ρA1|A2···An
) ≥ E2 (ρA1|A2)+· · ·+E2 (ρA1|An) , (29)
for a multi-qubit state ρA1A2···An and its two-qubit re-
duced density matrices ρA1Ai [29]. Later, the validity of
multi-qubit Re´nyi-α monogamy inequality was shown for
any α ≥ 2, that is,
Eα
(
ρA1|A2···An
) ≥ Eα (ρA1|A2)+ · · ·+ Eα (ρA1|An) ,
(30)
for any multi-qubit state ρA1A2···An and α ≥ 2 [5].
C. Unification of polygamy inequalities
The first polygamy inequality was established in three-
qubit systems [11]; for a three-qubit pure state |ψ〉ABC ,
τ
(
|ψ〉A|BC)
)
≤ τa (ρA|B)+ τa (ρA|C) , (31)
where
τ
(
|ψ〉A|BC
)
= 4det ρA (32)
is the tangle of the pure state |ψ〉ABC between A and
BC, and
τa
(
ρA|B
)
= max
∑
i
piτ
(
|ψi〉A|B
)
(33)
is the tangle of assistance of ρAB = trC |ψ〉ABC〈ψ| with
the maximum taken over all pure-state decompositions of
ρAB. Later, Inequality (31) was generalized into multi-
qubit systems [12]
τa
(
ρA1|A2···An
) ≤τa (ρA1|A2)+ · · ·+ τa (ρA1|An) , (34)
for an arbitrary multi-qubit mixed state ρA1···An and
its two-qubit reduced density matrices ρA1Ai with i =
2, · · · , n.
For polygamy inequality beyond qubits, it was shown
that EoA can be used to establish a polygamy inequality
of three-party quantum systems as
Ea
(
|ψ〉A|BC)
)
≤Ea (ρA|B)+ Ea (ρA|C) (35)
for any three-party pure state |ψ〉ABC of arbitrary di-
mensions [13]. A general polygamy inequality was estab-
lished by generalizing EoA polygamy inequality in (35)
into multi-party quantum systems as
Ea
(
ρA1|A2···An
) ≤Ea (ρA1|A2)+ · · ·+ Ea (ρA1|An) ,
(36)
for any multi-party quantum state ρA1A2···An of arbitrary
dimension [14].
Now, let us consider an unified view of the polygamy
inequalities of multi-party entanglement in terms of
Tsallis-q entropy. For any two-qubit pure state |ψ〉AB (or
any bipartite state with Schmidt-rank 2) with a Schmidt
decomposition
|ψ〉AB =
√
λ1|e0〉A ⊗ |f0〉B +
√
λ2|e1〉A ⊗ |f1〉B, (37)
its tangle in Eq. (32) coincides with Tsallis-2 entangle-
ment up to a constant factor
τ
(
|ψ〉A|B
)
= 4λ0λ1 = 2T2
(
|ψ〉A|B
)
. (38)
Thus the tangle-based polygamy inequality in (34) can
be rephrased as
T a2
(
ρA1|A2···An
) ≤T a2 (ρA1|A2)+ · · ·+ T a2 (ρA1|An) ,
(39)
for any multi-qubit state ρA1···An .
Due to the continuity of Tsallis-q entropy, the rela-
tion between TEoA and EoA in Eq. (22) enables us to
rephrase EoA-based polygamy inequality in (36) as
T a1
(
ρA1|A2···An
) ≤T a1 (ρA1|A2)+ · · ·+ T a1 (ρA1|An) .
(40)
5In other words, the polygamy inequalities of multi-party
quantum entanglement established so far can be consid-
ered in an unified way using Tsallis-q entropy as
T aq
(
ρA1|A2···An
) ≤T aq (ρA1|A2)+ · · ·+ T aq (ρA1|An) ,
(41)
for selective choices of q.
In the following sections, we investigate some proper-
ties of quantum correlations based on Tsallis-q entropy,
and provide sufficient conditions, on which the Tsallis-q
polygamy inequality in (41) holds.
IV. q-EXPECTATION AND QUANTUM
CORRELATIONS
The definition of Tsallis-q entropy in Eq. (6) uses the
concept of q-expectation to generalize von-Neumann en-
tropy into a class of entropies parameterized by q. Here,
we further generalize some quantum correlations based
on the idea of q-expectation, and investigate their prop-
erties.
For a quantum state ρ and its ensemble representation
E = {pi, ρi} (equivalently, a probability decomposition
ρ =
∑
i piρi), Tsallis-q difference is defined as
χq (E) = Sq (ρ)−
∑
i
pqiSq (ρi) , (42)
which is a one-parameter generalization of the Holevo
quantity,
χ (E) = S (ρ)−
∑
i
piS (ρi) , (43)
for q = 1. Due to the the concavity of Tsallis-q entropy,
Tsallis-q difference is always nonnegative for q ≥ 1.
Now, let us consider a bipartite quantum state ρAB
with its reduced density matrix ρA = trAρAB. Each
rank-1 measurement {Mx} applied on subsystem B in-
duces a probability ensemble E = {px, ρxA} of ρA where
px ≡ tr[(IA ⊗Mx)ρAB] is the probability of the outcome
x and ρxA ≡ trB[(IA⊗Mx)ρAB]/px is the state of system
A when the outcome was x. For q ≥ 1, we define one-
way unlocalizable q-entanglement(q-UE) as the minimum
Tsallis-q difference
uE←q (ρAB) = min
E
χq (E) , (44)
where the minimum is taken over the ensemble represen-
tations E = {px, ρxA} of ρA induced by all possible rank-1
measurements {Mx} on subsystem B.
Due to the continuity of Tsallis-q entropy with respect
to the parameter q, q-UE is reduced to the one-way un-
localizable entanglement
uE←(ρAB) = min
E
χ (E) , (45)
when q tends to 1 [13].
The term unlocalizable arises for the following reasons.
Eq. (44) together with Eq. (42) enable us to rewrite q-UE
as
uE←q (ρAB) = Sq(ρA)− max
{Mx}
∑
x
pqxSq(ρ
x
A) (46)
where the maximum is taken over all possible rank-1 mea-
surements {Mx} applied on system B.
For a three-party purification |ψ〉ABC of ρAB such that
trC |ψ〉ABC〈ψ| = ρAB, we note that each rank-1 measure-
ment {Mx} applied on system B induces a pure-state
decomposition of ρAC = trB|ψ〉ABC〈ψ| as
ρAC =
∑
x
px|φx〉AC〈φx| (47)
where px ≡ tr[(IAC ⊗Mx)|ψ〉ABC〈ψ|] and |φx〉AC〈φx| ≡
trB[(IAC ⊗ Mx)|ψ〉ABC〈ψ|]/px. Moreover, it is also
straightforward to verify that each pure-state decompo-
sition of ρAC =
∑
x px|φx〉AC〈φx| induces a rank-1 mea-
surement {Mx} applied on system B. Because we have
trC |φx〉AC〈φx| = ρxA, (48)
for each x, Eq. (46) can be rewritten as
uE←q (ρAB) = Tq
(
|ψ〉A|BC
)
−max
∑
x
pqxTq
(
|φx〉A|C
)
.
(49)
Here, Tq
(
|ψ〉A|BC
)
= Sq (ρA) represents the amount
of entanglement of the pure state |ψ〉ABC between
A and BC quantified by Tsallis-q entanglement, and
max
∑
x p
q
xTq
(
|φx〉A|C
)
is the maximum average entan-
glement(with respect to q-expectation) that is possible to
be concentrated on the subsystem AC with the assistance
of B. Thus uE←q (ρAB) is the residual entanglement that
cannot be localized (therefore unlocalizable) on AC by
the local measurement of B.
From the convexity of the function f(x) = xq for q ≥ 1
and the definition of TEoA in Eq. (21), we have
T aq
(
ρA|C
) ≥max∑
x
pqxTq
(
|φx〉A|C
)
, (50)
and this leads Eq. (49) to
uE←q (ρAB) ≥ Tq
(
|ψ〉A|BC
)
− Tq
(
ρA|C
)
, (51)
for q ≥ 1. Analogously, we also have
uE←q (ρAC) ≥ Tq
(
|ψ〉A|BC
)
− Tq
(
ρA|B
)
. (52)
To end this section, we provide a one-parameter gener-
alization of quantum mutual information using Tsallis-q
entropy; for a bipartite quantum state ρAB with reduced
6density matrices ρA = trBρAB and ρB = trAρAB, the
Tsallis-q mutual entropy is defined as
Iq (ρA:B) = Sq (ρA) + Sq (ρB)− Sq (ρAB) (53)
for q ≥ 1.
Due to the continuity of Tsallis-q entropy, the Tsallis-
q mutual entropy in Eq. (53) is reduced to the quantum
mutual information,
I (ρA:B) = S (ρA) + S (ρB)− S (ρAB) , (54)
for the case that q tends to 1. However, we do not
use the term mutual information for Eq. (53) because
a proper evidence of channel coding theorem for infor-
mation transmission has not been shown in the context
of Tsallis entropy, even in classical sense.
V. CLASSICAL-CLASSICAL-QUANTUM(CCQ)
STATES
In this section, we consider a four-party classical-
classical-quantum(ccq) state ΩXY AB whose quantum
part AB is obtained from a given bipartite quantum state
ρAB by applying local unitary operations depending on
the classical part A and B. We also evaluate the Tsallis-q
mutual entropies of ΩXY AB as well as its reduced density
matrices, which will provide some sufficient condition for
the general polygamy inequality of multi-party quantum
entanglement in terms of TEoA.
For a two-qudit quantum state ρAB in HA ⊗ HB ≃
B
(
C
d ⊗ Cd
)
and the reduced density matrix ρB =
trA(ρAB), let us consider a spectral decomposition,
ρB =
d−1∑
i=0
λi|ei〉B〈ei|. (55)
Using the eigenvectors of ρB, we define two quantum
channels M0 and M1
M0(σ) =
d−1∑
i=0
|ei〉〈ei|σ|ei〉〈ei|
M1(σ) =
d−1∑
i=0
|e˜j〉〈e˜j |σ|e˜j〉〈e˜j |, (56)
acting on any quantum state σ of subsystem HB , where
{|e˜j〉}j is the d-dimensional Fourier basis,
|e˜j〉 = 1√
d
d−1∑
k=0
ωjkd |ek〉, j = 0, . . . , d− 1, (57)
and ωd = e
2pii
d is the dth-root of unity. By using the
generalized d-dimensional Pauli operators
Z =
d−1∑
j=0
ωjd|ej〉〈ej |,
X =
d−1∑
j=0
|ej+1〉〈ej | =
d−1∑
j=0
ω−jd |e˜j〉〈e˜j |, (58)
Eqs. (56) can be rewritten as
M0(σ) =
1
d
d−1∑
b=0
ZbσZ−b, M1(σ) =
1
d
d−1∑
a=0
XaσX−a.
(59)
The channels M0 and M1 act on ρB as
M0(ρB) =ρB, M1(ρB) =
1
d
IB , (60)
and
M1(M0(ρB)) =M0(M1(ρB)) =
1
d
IB , (61)
thus the actions of the channels M0 and M1 on the sub-
system B of the bipartite state ρAB are
(IA ⊗M0)(ρAB) =
d−1∑
i=0
σiA ⊗ λi|ei〉B〈ei|,
(IA ⊗M1)(ρAB) =
d−1∑
j=0
τ jA ⊗
1
d
|e˜j〉B〈e˜j |, (62)
where λiσ
i
A = trB[(IA ⊗ |ei〉B〈ei|)ρAB ] and τ jA/d =
trB[(IA ⊗ |e˜j〉B〈e˜j |)ρAB ] for i, j ∈ {0, · · · , d− 1}.
The ensembles of subsystem A induced by the action
of the channels M0 and M1 on subsystem B are
E0 = {λi, σiA}i, E1 := {
1
d
, τ jA}j , (63)
and their Tsallis-q differences are
χq(E0) =Sq(ρA)−
d−1∑
i=0
λqiSq(σ
i
A) (64)
and
χq(E1) =Sq(ρA)− 1
dq
d−1∑
i=0
Sq(τ
j
A), (65)
respectively.
Now, let us consider a four-qudit ccq-state ΩXYAB in
HX ⊗HY ⊗HA ⊗HB,
7ΩXYAB :=
1
d2
d−1∑
x,y=0
|x〉X〈x| ⊗ |y〉Y 〈y| ⊗ (IA ⊗XxBZyB)ρAB(IA ⊗ Z−yB X−xB ), (66)
with the reduced density matrices
ΩXAB =
1
d
d−1∑
x=0
|x〉X〈x| ⊗XxB
(
d−1∑
i=0
σiA ⊗ λi|ei〉B〈ei|
)
X−xB , (67)
ΩY AB =
1
d
d−1∑
y=0
|y〉Y 〈y| ⊗ ZyB

d−1∑
j=0
τ jA ⊗
1
d
|e˜j〉B〈e˜j |

Z−yB , (68)
ΩAB = ρA ⊗ IB
d
, ΩXY =
IXY
d2
, (69)
and
ΩX =
IX
d
, ΩY =
IY
d
. (70)
For the Tsallis-q mutual entropies of ΩXYAB, ΩXAB
and ΩY AB in Eqs. (66), (67) and (68), we have
Iq (ΩXY :AB) =
d1−q − 1
1− q + d
1−qSq (ρA)
− d2(1−q)Sq (ρAB) , (71)
Iq (ΩX:AB) =
d1−q − 1
1− q − d
1−qSq (ρB) + d
1−qχq(E0)
(72)
and
Iq (ΩY :AB) = (1− d1−q)d
1−q − 1
1− q + d
1−qχq(E1), (73)
where the detail calculations can be found in Ap-
pendix A.
VI. GENERAL POLYGAMY INEQUALITY OF
MULTI-PARTY QUANTUM ENTANGLEMENT
IN TERMS OF TSALLIS ENTROPY
In this section, we provide some sufficient condition
for the general polygamy inequality of multi-party quan-
tum entanglement in arbitrary dimensions using Tsallis-q
entropy. The following theorem shows that the subaddi-
tivity of Tsallis-q mutual entropy for ccq states implies
the polygamy inequality of three-party quantum entan-
glement in terms of Tsallis-q entanglement.
Theorem 1. For q ≥ 1, and any three-party pure state
|ψ〉ABC of arbitrary dimension, we have
Tq
(
|ψ〉A|BC
)
≤T aq
(
ρA|B
)
+ T aq
(
ρA|C
)
, (74)
conditioned on the subadditivity of Tsallis-q mutual en-
tropy for the ccq state in Eq. (66), that is,
Iq (ΩXY :AB) ≥ Iq (ΩX:AB) + Iq (ΩY :AB) . (75)
We note that TEoA in Eq. (21) reduces to EoA in
Eq. (23) for the case that q = 1, where the gen-
eral polygamy inequality of multi-party entanglement in
terms of EoA was shown as Inequality (36) [13]. Thus we
show the theorem for q > 1. We also assume that, with-
out loss of generality, |ψ〉ABC is a three-qudit state, that
is, |ψ〉ABC ∈
(
C
d
)⊗3
, otherwise, we can always consider
an imbedded image of |ψ〉ABC into a higher dimensional
quantum system having the same dimensions of subsys-
tems.
Proof. For the reduced density matrices ρAB =
trC |ψ〉ABC〈ψ| of |ψ〉ABC on subsystem AB, let us con-
sider the ccq state in Eq. (66). From Eqs. (72), (73) and
(71), we can rewrite Inequality (75) as
χq(E0) + χq(E1) ≤Sq (ρA) + Sq (ρB)
− d1−qSq (ρAB) +
(
d1−q − 1)2
d1−q(1− q) . (76)
Because χq(E0) and χq(E1) of Eqs. (64) and (65) can
be obtained, respectively, from ρAB by rank-1 measure-
ments {|ei〉B〈ei|}i and {|e˜j〉B〈e˜j |}j of subsystem B, the
rank-1 measurement
QB := { |ei〉B〈ei|
2
,
|e˜j〉B〈e˜j |
2
}i,j, (77)
of subsystem B provides an upperbound of q-UE in
Eq. (44) as
uE←q (ρAB) ≤
χq(E0) + χq(E1)
2
. (78)
8Thus, together with Inequality (76), we have
uE←q (ρAB) ≤
1
2
[Sq (ρA) + Sq (ρB)
− d1−qSq (ρAB) +
(
d1−q − 1)2
d1−q(1− q) ]. (79)
Moreover, we also analogously have
uE←q (ρAC) ≤
1
2
[Sq (ρA) + Sq (ρC)
− d1−qSq (ρAC) +
(
d1−q − 1)2
d1−q(1 − q) ], (80)
for the reduced density matrix ρAC = trB |ψ〉ABC〈ψ| on
subsystem AC.
As Sq (ρAB) = Sq (ρC) and Sq (ρAC) = Sq (ρB) for the
three-party pure state |ψ〉ABC , Inequalities (51) and (52)
together with Inequalities (79) and (80) lead us to
Tq
(
ρA|B
)
+ Tq
(
ρA|C
) ≥2Sq (ρA)
− uE←q (ρAB)− uE←q (ρAC)
≥Sq (ρA) + ΞB + ΞC
2
(81)
where
ΞB =
dq−1 − 1
dq−1
[
dq−1 − 1
q − 1 − Sq (ρB)
]
(82)
and
ΞC =
dq−1 − 1
dq−1
[
dq−1 − 1
q − 1 − Sq (ρC)
]
. (83)
For q > 1, the factor d
q−1−1
dq−1
in Eqs. (82) and (83)
is nonnegative. Moreover, due to the fact that Tsallis-
q entropy attains its maximum value for the maximally
mixed state IB
d
, we have
Sq (ρB) ≤ Sq
(
IB
d
)
=
1− d1−q
q − 1
=
dq−1 − 1
dq−1(q − 1)
≤d
q−1 − 1
q − 1 , (84)
for q > 1. Similarly, we have
Sq (ρC) ≤ d
q−1 − 1
q − 1 , (85)
and thus
ΞB ≥ 0, ΞC ≥ 0 (86)
for q > 1.
Inequality (81) together Inequalities (86), we have
Sq (ρA) ≤ Tq
(
ρA|B
)
+ Tq
(
ρA|C
)
, (87)
which recovers Inequality (74) because Tq
(
|ψ〉A|BC
)
=
Sq (ρA) for three-party pure state |ψ〉ABC .
We note that, for q = 1, Tsallis-q mutual entropy
is reduced to the quantum mutual information, which
is subadditive for ccq-states(Appendix B). Thus The-
orem 1 guarantees the general polygamy inequality of
TEoA without the subadditivity condition (75) for q = 1.
This also recovers the results in [13].
Now, we generalize the polygamy inequality of three-
party quantum entanglement in Theorem 1 into an arbi-
trary multi-party quantum systems.
Theorem 2. For q ≥ 1, the general polygamy inequality
multi-party quantum entanglement,
T aq
(
ρA1|A2···An
) ≤T aq (ρA1|A2)+ · · ·+ T aq (ρA1|An)
(88)
holds for any multi-party quantum state ρA1A2···An of
arbitrary dimension, conditioned on the subadditivity of
Tsallis-q mutual entropy for the ccq state in Eq. (66) .
Proof. We first prove the theorem for a three-party mixed
state ρABC , and inductively show the validity of the the-
orem for an arbitrary n-party quantum state ρA1A2···An .
For a three-party mixed state ρABC , let us consider an
optimal decomposition of ρABC for TEoA with respect
to the bipartition between A and BC, that is,
ρABC =
∑
i
pi|ψi〉ABC〈ψi|, (89)
with
T aq
(
ρA|BC
)
=
∑
i
piTq
(
|ψi〉A|BC
)
. (90)
From Theorem 1, each |ψi〉ABC in Eq. (90) satisfies the
polygamy inequality,
Tq
(
|ψi〉A|BC
)
≤ T aq
(
ρiA|B
)
+ T aq
(
ρiA|C
)
(91)
with ρiAB = trC |ψi〉ABC〈ψi| and ρiAC = trB|ψi〉ABC〈ψi|,
therefore, together with Eq. (90), we have
T aq
(
ρA|BC
) ≤∑
i
piT aq
(
ρiA|B
)
+
∑
i
piT aq
(
ρiA|C
)
≤T aq
(
ρA|B
)
+ T aq
(
ρA|C
)
(92)
where the second inequality is from the definition of
TEoA.
Now let us assume Inequality (92) is true for and
(n − 1)-party quantum state, and consider an n-party
quantum state ρA1A2···An . By considering ρA1A2···An as
a three-party state with respect to the partition A1, A2
and A3 · · ·An, Inequality (92) leads us to
T aq
(
ρA1|A2···An
) ≤T aq (ρA1|A2)+ T aq (ρA1|A3···An) , (93)
where ρA1A2 = trA3···AnρA1A2···An , ρA1A3···An =
trA2ρA1A2···An , and T aq
(
ρA1|A3···An
)
is TEoA of
ρA1A3···An with respect to the bipartition between A1 and
A3 · · ·An.
9Because ρA1A3···An in Inequality (93) is a (n−1)-party
quantum state, the induction hypothesis assures that
T aq
(
ρA1|A3···An
) ≤ T aq (ρA1|A3)+ · · ·+ T aq (ρA1|An) .
(94)
Thus Inequalities (93) and (94) imply the polygamy in-
equality of multi-party entanglement in terms of TEoA
in (88).
Due to the relation between TEoA and EoA in
Eq. (22), Tsalli-q polygamy inequality in (88) is reduced
to EoA-based polygamy inequality in (36) for q = 1. As
the quantum mutual information is subadditive for ccq-
states (Appendix B), Theorem 2 is true without the sub-
additivity condition for q = 1, which encapsulates the
results in [14].
VII. CONCLUSION
We have established a unified view to polygamy in-
equalities of multi-party quantum entanglement in arbi-
trary dimensions using Tsallis-q entropy. We have pro-
vided a one-parameter class of polygamy inequalities in
multi-party quantum systems in terms of TEoA, which
provides an interpolation among various polygamy in-
equalities of multi-party quantum entanglement.
We have further provided one-parameter generaliza-
tions of Holevo quantity, UE and quantum mutual in-
formation. By investigating the properties of the gen-
eralized quantum correlations related with four-party
ccq-states, we have provided a sufficient condition, on
which the Tsallis-q polygamy inequality holds in multi-
party quantum systems of arbitrary dimensions. We have
also shown that the sufficient condition is guaranteed for
q = 1, which is the case that Tsallis-q polygamy inequal-
ity is reduced to the general polygamy inequality based
on EoA. Thus our results encapsulate the known results
of EoA-based general polygamy inequality in a unified
view in terms of Tsallis-q entropy.
Based on the concept of q-expectation, our results pro-
vide one-parameter classes of various quantum correla-
tions as well as their properties, which are useful methods
in establishing general polygamy of multi-party entangle-
ment in arbitrary dimensions. Noting the importance of
the study on multi-party quantum entanglement, espe-
cially in higher-dimensional systems more than qubits,
our result can provide a rich reference for future work to
understand the nature of multi-party quantum entangle-
ment.
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1Appendix A: Tsallis-q mutual entropy of ccq-states
Here, we provide the detail calculation of the Tsallis-q mutual entropies of the ccq-state ΩXAB in Eq. (71) as well as
the reduced density matrices ΩXAB and ΩY AB in Eqs. (72) and (73). Let us first consider ΩXAB. From the definition
of Tsallis-q mutual entropy in Eq. (53), we have
Iq (ΩX:AB) = Sq (ΩX) + Sq (ΩAB)− Sq (ΩXAB) , (A1)
where Eq. (70) implies that
Sq (ΩX) = Sq
(
IX
d
)
=
d1−q − 1
1− q . (A2)
From Eq. (69), we also have
Sq (ΩAB) = Sq
(
ρA ⊗ IB
d
)
= Sq (ρA) + Sq
(
IB
d
)
+ (1− q)Sq (ρA)Sq
(
IB
d
)
=
d1−q − 1
1− q + d
1−qSq (ρA) (A3)
where the second equality is due to the pseudoadditivity of Tsallis-q entropy in Eq. (8). For Sq (ΩXAB), the joint
entropy theorem in Lemma 1 implies that
Sq (ΩXAB) = Hq (Id) +
d−1∑
x=0
1
dq
Sq
(∑
i
σiA ⊗ λi|ei〉B〈ei|
)
= Hq (Id) + d
1−q
[
Hq (Λ) +
∑
i
λqiSq
(
σiA
)]
(A4)
where Id = {1/d, · · · , 1/d} is the uniform probability distribution and Λ = {λi}i is the spectrum of ρB.
Due to the relation
Hq (Id) =
d1−q − 1
1− q = Sq
(
IB
d
)
(A5)
and
Hq (Λ) = Sq (ρB) , (A6)
Eqs. (A2), (A3) and (A4) lead us to
Iq (ΩX:AB) =
d1−q − 1
1− q + d
1−qSq (ρA)− d1−q
[
Hq (Λ) +
∑
i
λqiSq
(
σiA
)]
=
d1−q − 1
1− q − d
1−qSq (ρB) + d
1−qχq(E0), (A7)
where χq(E0) is the Tsallis-q difference of the induced ensemble E0 in Eq. (64).
For the Tsallis-q mutual entropy of ΩY AB, we have
Iq (ΩY :AB) = Sq (ΩY ) + Sq (ΩAB)− Sq (ΩY AB)
= 2
d1−q − 1
1− q + d
1−qSq (ρA)− Sq (ΩY AB) . (A8)
Because
Sq (ΩY AB) = Hq (Id) +
d−1∑
y=0
1
dq
Sq

∑
j
τ iA ⊗
1
d
|e˜j〉B〈e˜j |


= (1 + d1−q)Hq (Id) + d
1−q
∑
j
1
dq
Sq
(
τ jA
)
, (A9)
2where the second equality is due to the joint entropy theorem in Lemma 1, Eqs. (A8) and (A9) lead us to
Iq (ΩY :AB) = (1− d1−q)d
1−q − 1
1− q + d
1−qχq(E1), (A10)
where χq(E1) is the Tsallis-q difference of the induced ensemble E1 in Eq. (65).
For the Tsallis-q mutual entropy of ΩXYAB, we have
Iq (ΩXY :AB) = Sq (ΩXY ) + Sq (ΩAB)− Sq (ΩXYAB) , (A11)
where Eqs. (69) imply that
Sq (ΩXY ) = Sq
(
IXY
d2
)
= Hq (Id2) , (A12)
for the uniform probability distribution Id2 = {1/d2, · · · , 1/d2}. Moreover, from the the joint entropy theorem in
Lemma 1, we have
Sq (ΩXY AB) = Hq (Id2) +
∑
x,y
1
d2q
Sq (ρAB) , (A13)
therefore Eq. (A11) together with Eqs. (A3), (A12) and (A13) lead us to
Iq (ΩXY :AB) =
d1−q − 1
1− q + d
1−qSq (ρA)− d2(1−q)Sq (ρAB) . (A14)
Appendix B: Subadditivity of quantum mutual information for ccq-states
Here we provide a detail proof that the quantum mutual information in Eq. (54) is subadditive for general ccq-states
of the form
ΓXYAB =
1
d2
d−1∑
x,y=0
|x〉X〈x| ⊗ |y〉Y 〈y| ⊗ σxyAB , (B1)
which has the ccq-state in Eq. (66) as a special case. Then the subadditivity of quantum mutual information for
ΓXYAB in Eq. (B1) is equivalent to the nonnegativity
I (ΓXY :AB)− I (ΓX:AB)− I (ΓY :AB) ≥ 0. (B2)
Let us first consider the mutual information
I (ΓXY :AB) = S (ΓXY ) + S (ΓAB)− S (ΓXYAB) . (B3)
Due to the joint entropy theorem in Eq. (13), the von Neumann entropy of ΓXYAB is
S (ΓXYAB) = H (Id2) +
∑
x,y
1
d2
S (σxy) = 2 log d+
∑
x,y
1
d2
S (σxy) . (B4)
for the uniform probability distribution Id2 = {1/d2, · · · , 1/d2}.
Because the reduced density matrices
ΓXY =
1
d2
d−1∑
x,y=0
|x〉X〈x| ⊗ |y〉Y 〈y| (B5)
is a d2-dimensional maximally mixed state, its von Neumann entropy is
S (ΓXY ) = S
(
IXY
d2
)
= 2 log d. (B6)
3Thus, together with the reduced density matrix
ΓAB =
1
d2
d−1∑
x,y=0
σxyAB, (B7)
Eqs. (B4), (B6) imply
I (ΓXY :AB) = S (ΓXY ) + S (ΓAB)− S (ΓXYAB)
= S
(
1
d2
d−1∑
x,y=0
σxyAB
)
−
∑
x,y
1
d2
S (σxyAB) . (B8)
Similarly, for the reduced density matrices
ΓXAB =
1
d
d−1∑
x=0
(
|x〉X〈x| ⊗
d−1∑
y=0
σxyAB
)
(B9)
and
ΓY AB =
1
d
d−1∑
y=0
(
|y〉Y 〈y| ⊗
d−1∑
x=0
σxyAB
)
, (B10)
we have
I (ΓX:AB) = S
(
1
d2
d−1∑
x,y=0
σxyAB
)
−
d−1∑
x=0
1
d
S
(
d−1∑
y=0
σxyAB
)
(B11)
and
I (ΓY :AB) = S
(
1
d2
d−1∑
x,y=0
σxyAB
)
−
d−1∑
y=0
1
d
S
(
d−1∑
x=0
σxyAB
)
. (B12)
From Eqs. (B8), (B11) and (B12), the nonnegativity in (B2) can be rephrased as
d−1∑
y=0
1
d
[
S
(
d−1∑
x=0
1
d
σxyAB
)
−
d−1∑
x=0
1
d
S (σxyAB)
]
≥ S
(
d−1∑
x,y=0
1
d2
σxyAB
)
−
d−1∑
x=0
1
d
S
(
d−1∑
y=0
1
d
σxyAB
)
. (B13)
Now, let us denote
ρ =
d−1∑
x,y=0
1
d2
σxyAB (B14)
and consider a probability ensemble of ρ
Ex = {1
d
, ρx}, ρx =
d−1∑
y=0
1
d
σxyAB (B15)
for each x. Then the right-hand side of Inequality (B13) is the Holevo quantity of ρ with respect to the ensemble Ex,
χ (Ex) = S (ρ)−
d−1∑
x=0
1
d
S (ρx) , (B16)
which also has an alternative representation
χ (Ex) =
d−1∑
x=0
1
d
S (ρx‖ρ)
4in terms of the quantum relative entropy
S (ρ‖σ) = trρ log ρ− trρ log σ. (B18)
By denoting
ρy =
d−1∑
x=0
1
d
σxyAB (B19)
and considering a probability ensemble of ρy
Ey = {1
d
, σxyAB} (B20)
for each y, a similar argument enables us to rephrase the left-hand side of Inequality (B13) as
d−1∑
y=0
1
d
[
d−1∑
x=0
1
d
S (σxyAB‖ρy)
]
. (B21)
From Inequality (B13) together with Eqs. (B17) and (B21), the nonnegativity in (B2) is now equivalent to
d−1∑
x,y=0
1
d2
S (σxyAB‖ρy) ≥
d−1∑
x=0
1
d
S (ρx‖ρ) (B22)
which is always true due to the joint convexity of quantum relative entropy
∑
i
piS (ρi‖σi) ≥ S
(∑
i
piρi‖
∑
i
piσi
)
, (B23)
for quantum states ρi’s, σi’s and a probability distribution {pi}.
